Scattering exponents are discussed for systems of power-law polydisperse surface and mass fractals. It is found that the scattering exponent for power-law polydisperse mass fractals lies on the interval [0, d] and always depends on the mass fractal dimension. The scattering exponent for power-law polydisperse surface fractals lies on [0, d + 1] and is independent of the surface fractal dimension for a large range of the polydispersity exponent.
In this paper we investigate the effect of power-law polydispersity on the scattering functions of surface and mass fractals. Owing to their common occurrence in nature, these power-law distributions are physically important, and it seems worthwhile to consider their effect on scattering exponents. Some familiar physical systems for which the size distributions are expected to be power law include polymeric gels, curdled milk, colloidal aggregates, aerosols, magnetic spin systems, and any system that can be modeled by percolation. In fact, if one is quite certain that a system is in some sense fractal, a power law is probably the best guess for the distribution of sizes.
The organization of this paper is as follows: after briefly introducing the notion of surface and mass fractals, we employ simple scaling arguments to calculate scattering functions for monodisperse fractals. These results are then averaged over a power-law distribution of particle sizes in order to obtain the experimentally observed scattering exponents. The results for surface fractals contain an unexpected feature: the scattering exponent contains no information about the surface fractal dimension for a wide range of the polydispersity exponent. On the other hand, for power-law polydisperse mass fractals the scattering exponent always depends on the fractai dimension.
In recent years it has become clear that many random materials are fractal (Mandelbrot, 1977) over *This work was performed at Sandia National Laboratories supported by the US Department of Energy under contract No. DE-AC04-76DP00789. some length scale regime. Some materials, such as polymers, are known to be 'mass' fractals, where the mass, M, is proportional to some fractional power, d:, of the radius.t Other materials, such as powdered coal, are 'surface' fractals and have a surface 'area' that is proportional to some fractional power, d~, of the radius. The notion of a surface fractal is still somewhat new, and so deserves some explanation. The basic idea is simple enough; the apparent surface area, A, as measured by covering the surface with a tile of linear dimension a, will depend on an inverse power of a. Consequently, as the tile size shrinks to zero the apparent surface area will approach infinity. Now there are several equivalent ways to describe the fractal nature of such a surface. If N a is the number of tiles of area a d-1 (d is the dimension of space) that just cover the surface, the fractal dimension can be defined as the power of a, which makes the product Na x a d` invariant (clearly d-1 < d~ < d). From this fundamental relationship it is observed that the 'apparent' surface area, A = Naa d-l, will be proportional to 1~ads-d+ 1. NOW the fractal nature of the surface can be revealed by any simple change of the dimensionless ratio a/R. We may equally well fix R and vary a, giving the above results, or we may fix a and vary R. This latter case clarifies the relation of surface fractals to mass fractals and gives
as our defining relations for surface and mass fractals.
Recently, it has been shown that these fractional exponents lead to fractional exponents in scattering functions. In fact, fractional exponents have already been measured, and given a fractal interpretation, in several light and X-ray scattering experiments. To date, fractional scattering exponents have been observed for aggregates of colloidal silica (Schaefer, TThe use of the word radius is intentionally vague here, for essentially any measure of the overall particle size will do. Some familiar examples of the radius of gyration, the principal moment of the gyration tensor, the hydrodynamic radius, the maximal diameter etc. Since all of these lengths are related through prefactors, they do not alter the exponents in the relations given here. SCATTERING EXPONENTS FOR POLYDISPERSE FRACTALS Martin, Wiltzius & Cannell, 1984a, b) , branched (Schaefer & Keefer, 1984) and linear (Schaefer & Curro, 1980) polymers in solution, fumed silica (Martin, Schaefer & Hurd, 1985) , and powdered coal (Bale & Schmidt, 1984) . And it is safe to say that this list will become quite long in the near future.
Scattering functions for monodisperse fractals can be obtained directly from the defining relations given above. We start with the well known relation for the scattering from objects that are congruent within a change of scale.
IM "" M2F(qR).
In d dimensions (Martin & Ackerson, 1985) , and in the absence of external fields or interactions that cause rotational ordering, F(qR)=l-q2R2/d+ ... for qR ,~ 1. For both surface and mass fractals, dilation symmetry requires that the scattering becomes a power law when qR >> 1, so F(x) .,. x-~'. Furthermore, in the large-qR regime the scattering function will become extensive in the quantity probed; for surface fractals this would be A, the generalized area, whereas for mass fractals this would be the mass. From these simple considerations the scattering exponents can be calculated directly, with the results
mass fractals
Although the surface fractal scattering exponent was first computed for three dimensions by Bale & Schmidt (1984) , this scaling approach simplifies and unifies the fractal scattering problem.
To compute the effect of polydispersity, the singleparticle intensity must be averaged over the number distribution of particles, P(M). If we first assume pure power-law behavior for the number distribution [P(M)--~ M-~], with no upper cut-off to the size distribution, we obtain
where certain restrictions, discussed below, apply to the exponent 1". Historically, the scattering exponent for polydisperse mass fractals was first computed by Martin & Ackerson (1985) ; an earlier treatment of power-law polydispersity for spheres, platelets and rods was given by Schmidt (1982) , while the result for surface fractals is new. The result for mass fractals seems reasonable enough; the scattering exponent for the polydisperse system depends on both the fractal dimension and the polydispersity exponent. The result for surface fractals is curious, however, since power-law polydispersity destroys all information about the surface fractal dimension.
An important part of the polydispersity problem is to determine the physically reasonable bounds on z. For a distribution that is a pure power law, with no large mass cut-off, (1) must be absolutely convergent (see Appendix). This gives 1 +dJd< 1. < 3 0 < y < 2d -d~ surface fractals 2<1.<3 mass fractals. 0<),<d I The result for mass fractals (2 < r < 3) implies gelation, since in this z regime there must be an infinite cluster in finite time, but the lower bound on z for surface fractals is less than or equal to 2, and so extends outside the gelation regime.
Models of kinetic aggregation (Ziff, 1984) often predict values of T that are smaller than 2, and so these physically important cases must be considered here. In these models the number distribution can be written as P(M) .-. M -~f(M/Mw), where f(x) is a function that is a constant for x ,~ 1 and decays faster than a power law for x >> 1, and Mw is the weight-averaged mass. If we again require absolute convergence of (1) modified by the inclusion of this cut-off function we find I f: q-d~" l" < 2 mass fractals q-2d + ds 1" < 1 + d/ds surface fractals.
We conclude that in these respective r regimes the polydispersity is irrelevant as far as measurements of the scattering exponent are concerned. The dependence of the scattering exponent on z is summarized, for both surface and mass fractals, in Fig. 1 .
Since the minimum value of the surface fractal dimension is d-1, and the maximum value of the From this, and Fig. 1 , it is clear that there is quite a lot of overlapping ground in the fractional scattering exponent business, this leaving the experimentalist in something of a quandary. And, unfortunately, the scattering exponent is often quite different from the fractal dimension. For example, three-dimensional percolation clusters (Stauffer, 1979) (a model for gelation) have a polydispersity exponent of about 2-2, which with d: = 2.5 gives a scattering exponent of ~ 2.
It is clear that a definitive interpretation of scattering data will require additional information about the polydispersity.
In conclusion, we have seen that scattering functions for surface and mass fractals can be calculated very simply from scaling arguments. When the system is power-law polydisperse all information about the surface fractal dimension is lost above a critical value of z, although the mass fractal dimension does appear in the scattering exponent. Finally, for monodisperse systems the scattering exponent regimes for surface and mass fractals are neatly divided and nonoverlapping, whereas for power-law polydisperse systems the scattering exponent regimes are largely overlapping.
APPENDIX
The scattered intensity is proportional to M2-*F(qR)P(M/Ms) dM, (A-l) o where P(M/Ms) is a cut-off function for the size distribution and Ms is an appropriately averaged molecular weight (see below). This cut-off function must decay faster than a power law for M >> M s, and is a simple constant for M ,~ Ms. If z is greater than 2 we can ignore the cut-off function altogether since (A-l) is well-behaved without it. On the other hand, if z is less than 2 an unphysical divergence occurs unlcss P(M/Ms) is included. In this "r < 2 case M s = Mw, the weight-averaged mass. To evaluate (A-l) it is helpful to break the range of integration, [0, 0o], into two parts, [0, q-d:] and [q-a:, 0o], where dy=d for surface fractals. Thus the total integral is just A + B, where A and B correspond, respectively, to these new integration limits. This ensures that all the contri-butions to A satisfy qR < 1 so F(qR) = 1 + 0(q 2) and likewise the contributions to B satisfy qR > 1, so F(qR)=(qR)-L We first consider the case where the cut-off function P(M/Ms) is ignored. Then the integral :~ A is q-a/M 2 -~ dM= q-a:(3-r)
if'c is less than 3. Likewise, it is readily shown that B is oo
if z is greater than 3-y/df. For mass fractals ~, = df and we require z > 2. For surface fractals q = 2d-ds and z must be greater than l+dJd for (A-3) to converge. It should be noted that both A and B contribute a term of order q-dl(3 -t) within these limits, so neither term dominates the scattering function.
If z is smaller than 2 (mass fractals) or 1+ ds/d (surface fractals) we must include the cut-off function in the integral B to avoid the divergence at infinity. Since this integral is no longer sensitive to the lower limit of integration we simply obtain the monodisperse results B=q -d: (mass fractals) and B= q-2d+ds (surface fractals). Thus, the integral B dominates the integral A (which is still q-dy(3-O) for these small values of z, giving rise to the behavior shown in Fig. 1 . This paper greatly benefited from my discussions with F. Leyvraz.
